The optical response of a Kronig-Penney type graphene superlattice is investigated. When an external field is applied along the periodicity of the superlattice, the total optical response of the graphene superlattice is enhanced due to the formation of anisotropic Dirac fermions. Such anisotropy tunes up the total optical spectra while maintaining the same critical electric field regardless of the degree of anisotropy. The optical conductance of anisotropic Dirac fermions exhibits two contrasting behaviours: (i) inversely proportional to the anisotropy and (ii) directly proportional to the anisotropy, depending on the direction of the external field. Interestingly, the anisotropy-induced optical conductance enhancement also occurs in gapped graphene with band structure anisotropy. This suggests that the enhanced electron-photon couplings in the presence of anisotropy is a general feature of the relativistic nature of the Dirac fermions in both massless and massive form. It is also revealed that the strong optical nonlinearity is a consequence of the relativistic nature of the Dirac fermions and the Dirac cone isotropy is not required. © 2012 IOP Publishing Ltd. 
Introduction
The K-point electrons in graphene are analogue to massless Dirac fermions travelling with a reduced 'light speed' of v F = 10 6 m s −1 and is perfectly isotropic in all directions [1, 2] . This peculiar quasiparticle nature has resulted in many interesting optical properties in graphene [3] [4] [5] [6] [7] [8] [9] [10] [11] . Graphene absorbs only 2.3% of the incident light in its pristine form [4] . The optical conductance can, however, be significantly enhanced by cutting graphene into nano-scale ribbon [5, 6] . The exceptionally strong nonlinear multiple-photon coupling of graphene in the terahertz (THz) frequency regime is another manifestation of the linear energy spectrum [7] [8] [9] . Surprisingly, the strong THz optical nonlinearity is wellpreserved even in its bi-layered form [10] and in the case of a finite bandgap opening [11] .
In a graphene superlattice created by applying a KronigPenney potential [12, 13] , the K-point electrons no longer travels with uniform v F in all directions. Instead, the group velocity in the direction perpendicular to the periodicity of the Kronig-Penney potential is reduced by a factor of λ dependent on the strength and periodicity of the potential. The band structure of the superlattice is no longer circular, but is deformed to an elliptic cone. Such a quasiparticle nature is analogue to a massless Dirac fermion travelling in anisotropic spacetime [12] [13] [14] . In topological insulator (TI), the quasiparticle residing in its surface state is also in the massless Dirac form with Fermi velocity approximately half of the graphene [15] . Interestingly, the anisotropic massless Dirac fermion can also be found in the (2, 2, 1) side-surface state of Bi 2 Se 3 TI with a rather strong anisotropy of v x = 3.1 × 10 5 m s −1 and v y = 1.4 × 10 5 m s −1 [16] . In a Bi square net of SrMnBi 2 TI, highly anisotropic Fermi velocity differs by a factor of 8 and was experimentally observed [17] .
The effect of anisotropy on the optical response in the terahertz frequency regime is investigated. The optical conductance plays an important role in understanding the electronic transitions and collective excitation of the system [3, 4, 18] . It is directly related to the measurable quantities of absorption coefficient and the transmittance. It is found that the optical conductance, both linear and nonlinear response, are universally enhanced by the anisotropy when the external field aligns with the superlattice periodicity. Since both linear and nonlinear responses are enhanced by the same amount, the optical nonlinearity (i.e. the relative magnitude between linear and nonlinear responses) is unexpectedly preserved regardless of how strong the band structure anisotropy is. The enhanced optical conductance and the preserved optical nonlinearity reveal that anisotropy has transformed the graphene superlattice into a stronger nonlinear material which produces larger nonlinear optical current than the isotropic case under the same critical electric field strength. Such enhanced optical conductance and well-preserved optical nonlinearity also occurs in gapped graphene in which the quasiparticle is in the form of massive Dirac fermions. The anisotropic massive Dirac fermion is a bizarre quasiparticle not only with nonuniform 'light speed' but also non-uniform mass dependent on the propagation direction. The results suggest that the enhanced electron-single-photon and electron-multiplephoton couplings are a universal feature of relativistic Dirac fermions of both massless or massive types, and the band structure isotropy is not a pre-requisite for the strong optical nonlinearity in graphene.
Theory
The anisotropy can be modelled by defining an anisotropy parameter, λ, which modifies the y-direction group velocity by v y = λv F where v F = 10 6 m s −1 is the Fermi velocity, and the anisotropy parameter is continuously tunable, 0 λ 1, by varying the superlattice periodicity L, potential width w and potential height U (figure 1 ) [12, 13] . The graphene superlattice Hamiltonian is written asĤ = σ x p x +λσ y p y where σ 's are the Pauli spin matrices and the λ term has created the desired anisotropy in the y-direction. The energy dispersion is given as ε s (p, θ ) = sv F p cos 2 θ + λ 2 sin 2 θ where s = ±1 denotes electron and hole state. The group velocity in the θ-direction is given as v(θ) = v F cos 2 θ + λ 2 sin 2 θ which gives the expected x-and y-components
T where T denotes transpose. The band structure is plotted in figure 1 . It can be seen that due to the reduced group velocity in the y-direction, the conic Dirac cone is elongated in the y-direction, forming an anisotropic elliptic Dirac cone. When an external field E = E 0 e iωt is applied along the x-direction, the quasiparticle is minimally coupled to the photon according to p x → p x −eA where E = −∂A/∂t. The Hamiltonian is then given bŷ
wherep ± = p x ± λip y . The perturbed two-spinor wavefunction (consider only the s = 1 branch) can be expressed in terms of an infinite sum
where ε = ε s=1 . Each nth-order spinors a n and b n represents a particular n-photon process. Equations (1) and (2) can be readily solved via Schrodinger's equation ih∂ψ(p)/∂t = Hψ(p). This yields the following recursion equations linking nth-order spinors with (n − 1)th spinor components:
By recursively applying equation (3), any arbitrary nth-order spinors can be constructed. When n = 0, the zeroth-order spinor a 0 and b 0 agrees with the zero-photon unperturbed wavefunction. The nth-order current is proportional to the E n 0 and the convergence of equation (3) is determined by intensity and frequency of the applied field. The total current density in the x-direction can then be obtained from J
2 ψ † nv x ψ n dp 2 N (ε) where the velocity operator is of the s = −1 carrier (hence the +f (−ε) term) and the occupancy of the s = +1 carrier (hence the −f (ε) term) at finite temperature.
is the Fermi-Dirac distribution function for an intrinsic graphene and β = (k B T ) −1 is the inverse temperature. By selecting the terms containing nth order in the external field E, the linear (n = 1) and third-order nonlinear (n = 3) optical responses are derived. The second-order (n = 2) response is zero due to time-reversal symmetry. The linear optical conductivity of the graphene superlattice is given as
At T = 0 K, the linear response is reduced to the well known result σ 1 (ω) = σ 0 in the isotropic case λ = 1. The third-order nonlinear optical conductivities are given as
where
The third-order nonlinear response is made up of two components: the single-frequency (SF) term σ 3 (ω) corresponding to the simultaneous absorption of two photons and the immediate emission of one photon; and the triple-frequency (TF) term σ 3 (3ω) corresponding to the simultaneous absorption of three photons. In figure 2, σ 3 (3ω) at T = 300 K and E 0 = 1000 V cm −1 are plotted for different λ. The practically useful frequency-tripling effect represented by σ 3 (3ω) is up-shifted in the graphene superlattice due to the Dirac fermions anisotropy. Interestingly, σ 1 (ω), σ 3 (ω) and σ 3 (3ω) are all universally enhanced by a factor of 1/λ. For λ = 0.1, which can be achieved by applying a spatial period of L ≈ 20 nm, potential width of w = 10 nm and potential height of U = 0.3 eV, the total optical conductance is enhanced by 10 times. In the extremely anisotropic case of λ = 0.01, which can be achieved by L ≈ 25 nm, w = 10 nm and U = 0.3 eV [12] , 100 times amplification is achieved. The 1/λ enhanced optical conductance is quite a surprising result. Intuitively, one might expect a reduced optical response in the anisotropic case since the y-component of the group velocity v y = λv F is reduced by a factor of λ and the resulting 'slower' charge carrier should degrade the optical current. This is, however, not the complete picture since E is directed along the x-direction and the x-directional optical response is only minimally affected by the reduced y-directional group velocity v y = λv F . On the other hand, when λ < 1 the p y components in a equi-energy slice actually becomes larger in comparison with the isotropic Fermi velocity case because of the smaller slope (or equivalently the reduced v y ) in the y-direction (see figure 1) . The overall larger momentum of the charge carrier across an equi-energy surface is the underlying reason for the anisotropy-induced enhancement of the optical conductance in the Kronig-Penney type graphene superlattice. As the anisotropy increases, i.e. λ → 0, the band structure becomes more y-directionally elongated across an equi-energy surface and this results in the 1/λ dependence.
The optical nonlinearity of a material is defined as the relative magnitude between the linear and nonlinear optical responses. A particularly useful quantity commonly used is the critical field strength E c which is defined as the electric field strength required to create nonlinear conductivities which are as strong as the linear one, i.e. when σ 3 = σ 1 . A small E c directly indicates strong optical nonlinearity. It is interesting to see that in the graphene superlattice the E c remains the same regardless of the level of anisotropy since both linear and nonlinear responses are enhanced by the same factor of 1/λ. Therefore, just like normal graphene, the graphene superlattice is also an exceptionally strong nonlinear material with E c ≈ 10 3 V cm −1 for up to room temperature at f = 1 THz. It can be concluded that the strong optical nonlinearity observed in normal graphene and graphene superlattice is a general feature of the relativistic behaviour of the quasiparticle. The band structure isotropy is not necessarily required to achieve the strong optical nonlinearity. As long as the quasiparticle energy dispersion maintains its linear form, the strong optical nonlinearity is always guaranteed and is well protected from any band structure anisotropy. The total integrated optical spectra is given as (λ) = σ (ω, λ) dω and it can be immediately seen that the total nonlinear conductance is increased by a factor 1/λ for all of the THz frequency regime, as shown in figure 3 . Although the graphene superlattice is equally advantageous as normal graphene in terms of the smallness of E c , the 1/λ increased total conductance indicates that the nonlinear optical current output of the graphene superlattice is still larger than that of the normal graphene at a given electric field strength. This suggests the improved THz photon detection and THz frequency up-conversion in the graphene superlattice which are potentially useful in the development of graphene-based THz optical device.
When E is placed along the y-direction, j y becomes finite while j x becomes strictly zero since the quasiparticles do not gain any excess momentum in the x-direction. In this case, the perturbed Hamiltonian is given asĤ = σ x p x + λσ y (p y − eA) and the velocity operator becomesv y = v F λσ y . It can be shown that the y-directional conductivities are of the form where n = 1, 3 and j = 1, 3. The λ 2 factor originates fromv y and the y-momentum coupling λ(p y − eA). Unlike the x-direction case, E along the y-direction has resulted in a anisotropy dependence of σ (y) (ω) ∝ λ. The optical conductance is hence reduced by a factor of λ. This is an obvious consequence since the reduced y-directional group velocity v y has a more profound effect on the y-directional optical response when E is aligned in the y-direction. In a more general case when E is in any angle ϕ as measured from the x-axis, the combine effect of the x-directional σ and σ (y) can be investigated by defining the total conductivity, measured along the ϕ-direction, asσ (ϕ)
The angular dependence ofσ n (ϕ, jω) is plotted in figure 4 . For notational simplicity, (jω) in the argument is suppressed. Theσ n has a very strong ϕ-dependence especially in the highly anisotropic case. For λ = 0.1,σ n /σ n varies between 10 and 0.1 with ϕ. Maximum conductance occurs at ϕ = 0, π when E is along the x-axis causing the 1/λ enhancement to be dominant.
For most of the ϕ, σ n (ϕ) is larger for stronger anisotropy, except a contrasting behaviour of the reduced conductance at higher anisotropy occurring in the vicinity of ϕ = π/2 when σ (y) n becomes a dominant contributor and the ∝ λ dependence dominates over the 1/λ dependence.
Since we only include the third order term in our result, we comment briefly on the relative importance of the higher order nonlinear terms. The nth-order conductance is proportional to a dimensionless parameter Z = (eE 0 v F /hω 2 ) n−1 and an overlap integral of eigenstates of different orders φ n−m |φ m . Because the overlap integral decreases very rapidly with n, the third-order nonlinear effect persists for Z > 1 while the fifth-order term is negligible. At frequency around 1 THz, the critical field (the field at which the third-order current equals the linear current) is around 2000 V cm −1 [7] . For V F = 10 6 m s −1 , ω = 1 THz, and E 0 = 2000 V cm −1 , the resulting Z = 50. At this value of Z, the third-order current equals approximately the linear current [7] , but the fifth-order current is about 10 −5 of the linear current, totally negligible [21] .
Anisotropic massive Dirac fermions
The effect of Dirac fermion anisotropy on the optical response is further generalized to the case of massive Dirac fermions which can be found in a gapped graphene. An asymmetry between the two equivalent sublattices in the unit cell of graphene transforms the low-energy quasiparticles into massive Dirac fermions which are described by the finite-mass Dirac equationĤ = σ x p x + λσ y p y + ( /2)σ z where /2 is the on-site energy difference between the two sublattices. The sublattice asymmetry can be achieved by selectively 'doping' an hydrogen atom on one of the sublattices or by placing graphene on top of a suitable substrate such as SiC [19, 20] . We choose a typical bandgap value of = 0.03 eV [19] . The energy dispersion is given as ε s (p 
which indicates a bandgap opening of or a 'mass generation' of m = /(2v ) 2 of the quasiparticle, where v = v F (cos 2 θ + λ 2 sin 2 θ). The anisotropic massive Dirac fermions are a rather exotic class of quasiparticles which not only have a 'light speed' anisotropically dependent on θ but also have a non-uniform 'mass' that varies with θ. Following similar procedures, the linear and nonlinear optical conductivities of gapped graphene with band structure anisotropy are given as
where the anisotropy-enhanced optical conductance observed in the graphene superlattice is not a phenomena unique only to the massless Dirac fermions, but is in fact a universal feature for both massless and massive relativistic Dirac fermions. Similarly, the E c remains the same regardless of the magnitude of λ. The well-preserved optical nonlinearity in anisotropic massless Dirac fermions is therefore also general to anisotropic massive Dirac fermions. The linear conductivity has an onset vertical conductance edge of 2σ 0 athω = . In the anisotropy case of λ = 0.1, this vertical conductance edge is further enhanced. At the sub-gap frequency regime of /3 <hω < , the three-photon process σ 3 (3ω) is the only permissible response due to the virtual of energy conservation. In figure 5 , σ 3 (3ω) is plotted at 300 K, E c = 3400 V cm −1 and = 0.03 eV in the sub-gap frequency regime. In this regime, the 1/λ-amplification of σ 3 (3ω) is the sole effect and the linear conductance and SF σ 3 (ω) transitions are strictly forbidden. This suggests that anisotropy-enhanced 'clean' frequency upconversion, i.e. frequency-tripling current is the only output, can be achieved in gapped graphene with the anisotropic band structure.
Conclusion
In conclusion, the anisotropic Dirac fermion in the graphene superlattice tunes up the total optical conductance while maintaining the same critical electric field. Such anisotropyinduced optical conductance enhancement also occurs in anisotropic gapped graphene. This suggests that the enhanced electron-photon couplings in the presence of anisotropy is a general feature of the relativistic nature of the Dirac fermions in both massless and massive form. Optical nonlinearity is perfectly protected from band structure anisotropy. As a weak sinusoidal term can be added to a graphene via holographic illumination [22] or by patterning the substrate, possible experimental verification of our results could be performed with direct measurement of the optical conductance of such a system.
